In this paper we study the class of convex sequences of higher order defined using the difference operators and investigate their properties. The notion of the convex sequence of order r ∈ N will be extended for r a real number. Some necessary and sufficient conditions such that a real sequence belongs to the class of convex sequences of higher order r ∈ R are introduced. Using different types of means we will investigate the convexity of higher order for real sequences.
Introduction
Let K be the set of real sequences. A sequence (a n ) n∈N ∈ K is called convex if a n+2 − 2a n+1 + a n ≥ 0 for all n ∈ N. Many generalizations of convexity of sequences were studied in the last years. A sequence (a n ) n∈N is r-convex for a positive real number r if L r a n ≥ 0 for all n ∈ N, where the operator L r is given by L r a n = a n+2 − (1 + r)a n+1 + ra n .
This concept was introduced by Lacković and Jovanović [5] . Another generalization was introduced by Kocić [4] using the operator: L p,q a n = a n+2 + (p + q)a n+1 + pqa n , p, q ∈ R.
The higher order of convexity was introduced using the difference operator of order r, r ∈ N defined as follows:
∆ r a n = r k=0 (−1) r−k r k a n+k , n ∈ N.
A sequence (a n ) n∈N is called convex of order r if ∆ r a n ≥ 0 (see [6] ). Let K r be the set of all convex real sequences of order r. The class of convex sequences of higher order has attracted the attention of many mathematicians. The reader should consult the papers of Lupaş [1] - [2] , Nicová [7] , Ţ incu [11] - [12] . Denote (x) l = x(x + 1)...(x + l − 1) the Pochhammer symbols and x the integer part of x. A natural question was raised whether the assertion r ∈ N for the convex sequences of order r could be extended to
R. An answer of this question was given in [10] considering the operator ∆ r : K → R, defined by
with the convention ∆ 0 a n = a n , for every n ∈ N, where ∞ k=0 (−r) k k! a n+k is a convergent series.
Let M r := (a n ) n∈N ∈ K|∆ r a n ≥ 0, for every n ∈ N be the class of convex sequences of order r, r ∈ R. Note that for r ∈ N, it follows M r = K r . A few properties of the operator ∆ r , r ∈ R are summarized in the following lemmas (see [10] ii) ∆ r+1 a n = ∆ r a n+1 − ∆ r a n , for any r ∈ R + .
Proof. From the relation (1) it follows imediately that ∆ r is a linear operator. In order to prove the identity ii) we calculate
Therefore, ∆ r+1 a n = ∆ r a n+1 − ∆ r a n .
In the condition that the series ∆ r a n , r ∈ R is convergent, the following result is obtained:
[10] Let Z be the set of integer numbers. For r 1 ∈ Z, r 2 ∈ R + and n ∈ N, the identities ∆ r 1 +r 2 a n = ∆ r 1 (∆ r 2 a n ) = ∆ r 2 (∆ r 1 a n ) ,
hold.
Proof. We have
Therefore, we can write
Using the Chu-Vandermonde formula (see [3] )
(−r 1 − r 2 ) k k! a n+k = ∆ r 1 +r 2 a n , for any n ∈ N.
The aim of this paper is to extend the notion of convex sequence and to investigate the properties of this new class of convex sequences of higher order. The necessary and suficient conditions such that a real sequence belongs to the class of convex sequences of higher order r ∈ R are given. Considerable attention has been given by various authors to the study of mean-convex sequences. In the last section we are focused on the u-mean-convex sequences introduced by G. Toader [8] . We will prove that the set of convex sequences of higher order is a subset of u-mean-convex sequences of higher order.
Properties of convex sequences of higher-order
In this section we determine some necessary and sufficient conditions such that a real sequence to belong to the class M r . In order to give these conditions we will calculate the value of the operator ∆ r , considering the real sequence (a n ) n∈N with the general term defined as follows
We have ∆ r a n =
We will consider three cases: Case 1. Let r ∈ (0, 1).
We have
For ν ≥ 1, we get
For ν = 0, we have
(1 − t) r−1 dt = sin πr πr .
We obtain ∆ r a n =
Case 2. Let r > 1, r N. Denote m = r , m ∈ N and l = {r}, l ∈ (0, 1), where · and {·} are the integer part and the fractional part, respectively. From (1), (2) and (5), we have ∆ r a n = ∆ m+l a n = ∆ m ∆ l a n = ∆ m
According to the relation
In the following we will apply the identity 2 
, for c 0, −1, −2, ... and
Therefore, ∆ r a n = sin πl π
Using (4) we can write a n =
where c(r, k) was defined in (3). We have For the above sums we will obtain the following results:
For i = p, we have S 2 = (1) p−1 (p − 1)! = 1. It follows that ∆ p a n = b n+p .
These cases lead to the following result: Lemma 2.1. Let (b n ) n∈N be a real sequence. If a n = n k=0 (r) n−k (n − k)! b k , n = 0, 1, . . . , then ∆ r a n =
where m and l are the integer part and the fractional part of r.
In the following we will raise the problem:
Let (a n ) n∈N be a real sequence and r ∈ R + . What are the conditions such that ∆ r a n ≥ 0, for all n ∈ N.
As a response of this problem the next two theorems are proven.
Theorem 2.3.
A real sequence (a n ) n∈N verify the relation (6) for all r ∈ N * if and only if there exists a real sequence (b n ) n∈N such that a n = n k=0 (r) n−k (n − k)! b k , and b n ≥ 0 for all n ≥ r.
Proof. From Lemma 2.1 it follows that the conditions (7) are sufficient such that ∆ r a n ≥ 0. Now, we consider ∆ r a n ≥ 0 for all n ∈ N and we construct recursively a real sequence (b n ) n∈N as follows:
b 0 = a 0 , b n = a n − n−1 k=0 (r) n−k (n − k)! b k .
The above relations lead to b 0 = ∆ 0 a 0 ≥ 0, b n = ∆ n a n−1 ≥ 0 and a n = n k=0 (r) n−k (n − k)! b k .
In a similar way the following results can be obtained: Theorem 2.4. A real sequence (a n ) n∈N verify the relation (6) for all r ∈ R + \ N * if and only if there exists a real sequence (b n ) n∈N such that
The weighted arithmetic means of real sequence
Let a = (a n ) n∈N ∈ K. The sequence (C n ) n∈N of Cesaro means is defined as follows C n = a 0 + · · · + a n n + 1 .
Definition 3.1. [9] A sequence (a n ) n∈N is called mean-convex if the sequence (C n ) n∈N of Cesaro means is convex.
In [13] is considered the weighted mean:
A n = p 0 a 0 + · · · + p n a n p 0 + · · · + p n , with p n > 0 for n ≥ 0.
Toader [8] proved that the sequence (A n ) n∈N is convex for any convex sequence (a n ) n∈N if and only there is u > 0 such that
In this case A n become
Definition 3.2. [8] The sequence (a n ) n∈N is called u-mean-convex if (A u n ) n∈N is convex.
In the following we will study the convexity of higher order for the sequence (A u n ) n∈N .
Proof. Using the following relation
From the above relation we get
If we sum for j = 1, n, it follows n j=1 (r + u + 1) j−1 j! ∆ r a j = (r + u + 1) n un! ∆ r A u n − 1 u ∆ r A u 0 .
Since ∆ r A u 0 = ∆ r a 0 , we have ∆ r A u n = n! (r + u + 1) n ∆ r a 0 + n j=1 un! (u + r + 1) n (r + u + 1) j−1 j! ∆ r a j . Proof. In order to prove the condition ii) we calculate: ii) If there exists A ∈ R + , such that |∆ r a n | < A, for n = 0, 1, . . . , then |∆ r A u n | ≤ A rn! (u + r)(u + r + 1) n + u u + r .
